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Abstract: In mathematics, we will sometimes employ operators to simplify the calculation process. However, are operators commutative in all situations? In fact, operators aren’t commutative in some situations. We need to consider the properties 

of operators and functions, or we may lead to the wrong result. In this poster, we listed eight cases. Although the operators in most of the cases are not commutative, the operators are commutative in the specific conditions. Our interest is to study 

the commutative properties of  two operators. Eight cases are shown here.

Problem description, Result and Discussion 

Are operators commutative?
Wei-Chen Dai(戴暐宸), Department of Harbor and River Engineering, National Taiwan Ocean University, Taiwan (00656023@mail.ntou.edu.tw)

Advisor: Ying-Te Lee(李應德),

Joint work with: Jeng-Tzong Chen(陳正宗),Yi-Ling Huang(黃乙玲), Bo-Yang Zhuang(莊博揚)

Conclusions: For the first three cases, the operators are not commutative if the function is discontinuous. After exchanging the order of the operators for the discontinuous function, the result may lose boundary terms and lead to the wrong 

result. Moreover, the missing terms are related to the boundary terms of the discontinuous function in the first two cases. In this poster, operators are not commutative in most of the cases, except under the specific conditions. It indicates that 

checking the properties of operators and functions before commutative process is needed to avoid the wrong result.
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1. Leibniz integral rule

( ) ( )

( ) ( )

( , )
( , )

a x a x

b x b x

f x s d
ds f x s ds

x dx




 
?

( )

( )

( )

( )

( , ) ( , ( )) ( ) ( , ( )) ( )

( ) ( )

( , )
( , ( )) ( ) ( , ( )) ( )

a x

b x

a x

b x

f x s df x a x da x df x b x db x
ds

x da x dx db x dx

f x s
ds f x a x a x f x b x b x

x


 




  





 -

 missing term
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If either a(x) and b(x) aren’t constants, 

or interval between a(x) and b(x) isn’t differentiable.

If a(x) and b(x) are constants, 

and interval between a(x) and b(x) is differentiable

If a(x) and b(x) are constants, and interval between a(x) and b(x) is differentiable, then the operators are commutative.

2. Cauchy principle value & Hadamard principle value
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The operators aren’t commutative. It is interesting that missing term relate to the 

terms, ,in first cases.                                ( , ( )) ( ) ( , ( )) ( )f x a x a x f x b x b x -

3. Stokes transformation
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Express as Fourier series
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Discontinuous function     2+2 , ( ) ,0 2f t f t f t t t   
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Continuous function
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If function is continuous, then operators are commutative.

4. Matrix Commutation law

For matrix multiplication, most of the cases aren’t commutative, but sometimes are 

commutative.
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5. Fourier Transform
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7. Multiplication & Fourier Transform

The operators aren’t commutative.
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8. Fourier Transform & Odd, Even Function Expansion

The operators are commutative.
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Odd, even function Expansion
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6. Laplace Transform
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The operators aren’t commutative. Unless , there is a function its 

expression of Laplace transform which satisfies
20.5( ) (0).sF s e sf 

The operators aren’t commutative . Unless ,there is a function its expression of 

Fourier transform which satisfies
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